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Mixed associations of the type A + B %AB,A+AB%AA,B, . . . . A+G,_,B%A,B, .., are readily analyzed by osmometric methods. 
The equilibrium molar concentration of A, mA, is obtained very simply from mA = meq - mi; here meq = c/M,e4 is the equilibrkm, 
molar concentration of all associating species and rni denotes the stoichiometric or original molar concentration of B. The quantity 
m B can then be obtained from methods developed by Steiner. The value of the binding polynomial X is given by h = mi /m a; X is a 
function of mA only. In principle, one can evaluate the equilibrium constants (k,,,, etc.) by fitting X to the appropriate polynomial 
in mA of degree n (n = 2, 3, . ..). The binding polynomial X is analogous 10 polynomials encountered in the analysis of 
self-associations. By making some simple assumptions one can develop four analogs of two sequential, equal equilibrium constant 
(SEK) or two attenuated equilibrium constant (AK) models. With the aid of r (the number average degree of binding), g (the 
osmotic coefficient), h, as well as m,, and mB, one can evaluate the equilibrium constant or constants. The methods developed here 
can be extended to the nonideal case. 

1. Introduction 

Noncovalent (weak) interactions play an im- 
portant role in biology and biochemistry [l]. 
Membrane components and also lipoproteins are 
held together by noncovalent interactions [2-61. 
Mixed associations between unlike molecules are 
due to noncovalent interactions and are of great 
importance. Examples of these mixed associations 
are antigen-antibody reactions [7,8], binding of 
smaller molecules to larger ones [9,10], and vari- 
ous heterogeneous protein-protein interactions 
[ll-161. Mixed associations also occur between 
smaller molecules; for example, in CHCl, solu- 
tions cholesterol and methyl cholate [17] and l- 
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cyclohexyluracil and 9-ethyladenine undergo 
mixed associations [18]. In aqueous solutions the 
mixed association between purine and uridine has 
been studied by vapor pressure osmometry [19]. 

Mixed associations can be studied by a variety 
of methods: sedimentation equilibrium [15,16,20], 
elastic light scattering [20,21], analytical gel chro- 
matography [22,23], and membrane or vapor pres- 
sure osmometry [14,17-19,241 have been used. 
Osmometric methods offer an advantage in study- 
ing mixed associations, since one does not need to 
know refractive index increments (which are 
needed in light scattering and some sedimentation 
equilibrium experiments), nor does one need to 
know density increments or apparent partial 
specific volumes (these are needed for sedimenta- 
tion equilibrium experiments) [20]. The analysis of 
mixed associations by osmometric (colligative) 
methods is simpler [24,25], and some very elegant 
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methods have been developed for analyzing ideal 
or nonideal mixed associations [24,26-281. 

Here, a re-examination of mixed associations of 
the type 

A+B%AB (I) 

A+AB%AA,B 

t.. . . . 

A + A,_,B %s A,B 

. . . . . . 

will be considered. These associations are analo- 
gous to binding equilibria. Firstly, the general case 
will be re-examined in light of new developments. 
Then a special case will be considered. Thirdly, 
the treatment of nonideality will be considered. 
Then a discussion of four types of indefinite mixed 
associations will be presented, and some methods 
for analyzing them will be shown. These methods 
are similar to those used in the analysis of indefi- 
nite self-associations [24,29,30]. The treatment 
presented here begins with some background in- 
formation and a discussion of previous studies. 

2. Background 

At constant temperature and pressure the con- 
dition for chemical equilibrium is [24] 

*PA + PB = pA,B> n=l,2 ,..‘. (2) 

for a mixed association of the type 

nA+BfgA,B (3) 

It will be assumed in the development that follows 
that the natural logarithms of the activity coeffi- 
cients of the reactants can be expressed as 

In y,=M,~B,C,c~, i, k=Aor B (4) 

ci = initial concentration (in g/l) of component k 

It is also assumed that 

ln Y~.u=n ln yA+ln ya (5) 

It should be noted that Biz = Bzi. The osmotic 
pressure equation becomes 

x C -=_ 

RT Mm 
= 2 + ;c ~B,&,o 

MZq , k 
(6) 

where (assuming the partial specific volumes, Ck, 
are equal) 

Blk = B,*k + (u/1oooM,) (7) 

The analogous equation for vapor pressure 
osmometry (VPO) is [24] 

E = K&c/M,,) (8) 

where E is the imbalance (pV> on the Wheatstone 
bridge circuit of the VP0 and K,, the oper- 
ational instrumental constant for the VP0 (see 
refs. 17, 24 and 25 for more details on VPO). The 
quantity c/Mna is the apparent number of moles 
of solute at chemical equilibrium, c the total con- 
centration of associating solute (in g/l) and M,, 
the apparent number average molecular weight. 
For the ideal case B,, = 0 and M,,, = Mnq, the 
number average molecular weight. If no chemical 
equilibrium is present, then c/M,‘9 = c/M:, the 
stoichiometric number of moles of the solute. Here, 
M,” is the number average molecular weight that 
would be measured if no chemical equilibrium is 
present; one notes that 

0 0 

mO=L=A+Cg=m;+mO, 
M,” MA M, 

(9) 

where m” is the total molar concentration of the 
solutes, my (i = A or B) the total molar con- 
centration of each reactant and cp the total con- 
centration (g/l) of each reactant. It is convenient 
to perform each series of experiments under con- 
ditions of constant p; here 

(10) 

Stock solutions of pure A and pure B are pre- 
pared; dialysis is carried out in the appropriate 
medium on each stock solution, if necessary. The 
concentration of each stock solution is de- 
termined, and separate osmotic pressure (or VPO) 
experiments are made on each stock solution in 
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order to determine M.,, M,, BAA and B,, (the 
osmotic pressure second virial coefficients for A 
and B). The stock solutions of A and B are mixed 
in the desired ratio j3 to make a working stock 
solution; dilutions are made from this working 
stock so that a series of osmotic pressure (or VPO) 
experiments can be performed at constant p. 

For the nonideal case 

C _=- 
Mna 

c + BA,(4g2 + bmw2 
M,rq 2 2 

+ B coca AB A R 

(11) 
Here c/Miq = &zi/Mj = Cm,, m, = c,/LW~ is the 
number of moles of reacting species i at chemical 
equilibrium, and my = cp/M, denotes initial molar 
concentration of reactant i. This formulation is 
consistent with previous treatments. There may 
appear to be some confusion here since Steiner 
uses (l/2) B&c$ however, (see p. 4272, 2nd 
column, of ref. 28), Steiner’s B,, = 2fi,,/M,’ and 
his BAB = 4fiAB/MAMH, so our formulation 
c/M,, is consistent with his. Eq. 11 can be 
arranged to give 

of 
re- 

lt i. %4(4)2 -=_- _ BBBNJ2 
2 2 

C =- 
Ml? 

+B c”co=m* AB A B (12) 

For the quasi-ideal cases BAA and B,, are non- 
zero, but BAR = 0. 

2.1. Previous status 

Here we follow Steiner’s [21,26,28] treatment 
for various equilibria of the type 

A+B%AB mAB = kA,BmAmB 

A+AB%A,B l11A2B = k A,nBkA,Bmim B 

n=i-1 

A + A,_,B Q A,B mA,B = “Go kA&AmimB 

(13) 

The following relations apply: 

rni = ci/M, 

= mA + k, BmAmB + 2k,*,k, ABmimB + ___ 

- mA + c imAJ3 (14) 
I 

rni = @MB 

BmAms + k,,,k,.,mim, + . . . 

(15) 

The total number of moles of reacting solute at 
chemical equilibrium is 

meq=C=~~=mA+mB+kA~BmAmB 
M,eq ; M, 

+ kA,BkA.AB m:m,+...=m,+mO, 

(16) 

Here 

Mq=Emi4 
-= 

" 
Cm, &t 

(17) 

The stoichiometric total number of moles of re- 
acting solute is 

= mA + mB + 2k, BmAmB 

+ 3k A.BkA.ABm:mB + ... 

=m,+ 5 (i-C l)mAiB (18) 
i=O 

The number average number of moles of A com- 
bined with one mole of B is r, which is defined by 

F = xirnO (3 hi mi) d In X 

Cm,,, = (a mA)ms = din 

= k,.,m, + 2kA,&,+d’: I 
+ 3k,,Bk,.,Bk.%A2Bm: + ... ) 
x ( 1 + kA.Bm.A + kA.BkA.ABmi 

+ kA BkA ABkA,A2Bmi + . . . ) 

-1 

, 3 (19) 
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Since (see eq. 16) 

c/M,e4=meq=mA+mOs=m~+m0, 

- cim*,El 

r is related to meq by 

(20) 

r= 1+ (ei/co,)[(~~/~*) - wf,es)] 

=1+ (mi-me9 

moB 

= 1 + (l/p) - ( meq/mOg) (21) 

This relation between r and c/Mzq (or rnq) was 
pointed out by Steiner [21]. The binding poly- 
nomial X is defined by 

X( m,) = 1 + k,+,m, + k,,,k,,,,m~ + . . . (22) 

Steiner [21] showed that one could obtain In X 
from 

In X = 
J a? MA > dm, (23) 

Once X was known, then one could use it to 
obtain the equilibrium constants k,.,, kA,AB, etc. 
Subsequent developments have shown that there is 
an alternative way to obtain X. 

In 1968, Steiner [26] developed a relationship 
between xA and xs, the equilibrium number frac- 
tions of A and B; his relation is 

@=ln x,+/3 In xg 

= (1 + /3)c-(g - 1) dmeq/meq 

+++i] ++&] 

Here g is the osmotic coefficient 
01~’ in place of g); it is defined by n 

r(real) M” rnq 

g= a(idea1) 
=n 

M,‘9=,za 

(24) 

(Steiner used 

(25) 

Two years later Steiner developed another relation 

[28] between zA and za, the stoichiometric num- 
ber fractions of A and B; this relation is 

$=ln z,+pln za=(l+p)(g-1) 

P +filn - 
[ I 1+P 

(26) 

One can use eq. 16 to obtain m,; then this can be 
converted to xA or zA, so that one can use eq. 24 
or 26 to obtain xr, or ma; and these can be 
converted to mB_ Table 1 summarizes these steps. 
The equations for @J and 4 (see eqs. 24 and 26) 
can be extended to the nonideal case [28]. 

3. General case 

For the general case, mcq = c/M,‘q is described 
by eq. 16, m” = c/M: is described by eq. 18 and 
g, r and X are given by eqs. 25, 21 and 22, 
respectively. For the ideal or quasi-ideal case (after 
correction for the nonideal terms) mA and mg can 
be obtained as described in table 1. In addition 
one notes that X is simply defined by 

X = mi/mB = 1+ k&GA + kAJA.ABm: 

+ k~,~k~.wLt,~mi + . . (27) 

This is an alternative to the use of eq. 23. Further- 
more, g and r are interrelated; eq. 21 can be 
rewritten as 

i- = 1 + (l/P) - ( meq/mO)( m”/mi) 

= 1 + (l/P) - g( m”/m.i) (28) 

The relations for mA, mB and A also apply to the 
nonideal case after it has been corrected for non- 
ideal behavior. 

In principle, one can fit A to a polynomial in 
mA and obtain the association constants k,.,, 
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k A.AB, etc. from the regression coefficients of the 
polynomial. One would have to use a statistical 
test, such as the F test [31], in order to determine 
if there is a significant improvement in fit as the 
degree of the polynomial is increased. 

Table 1 

Let x = km,, and let there be n sites that are 
identical and completely independent of each 
other. For this case, it has been shown that [9,10] 

r= x(d/dx)[(l +x)“] nx nkm, 
c-z 

(1 + x)” 1+x l+km, 

(29) 

Procedure for evaluation of mA and ma Here 

Evaluation of mA 
Use eq. 16 to evaluate mAI since mA= rnq - rni = 
equilibrium molar concentration of A 

Evaluation of ma from @ 

@ = In x+, + B In xa = (1 + fi)imw( g - 1) dm’q/mq 

(24) 

(1) Convert mA to xA 

xi = m,/mq = number fraction of reactant i 

(i=AorB) (24a) 

(2) Obtain xa from @; convert it to ma 

ma = xr,mc9 = equilibrium molar concentration of B 

g = meq/mo = M,O/M: = osmotic coefficient (25) 

my = c,‘/M, = original molar concentration of reactant i 

(i=AorB) (24b) 

m” = ml + rni = total molar concentration of the reactants 

(18) 

p = rng/rni (10) 

Alternative procedure for the evaluation of ma 
(1) Obtain mA from eq. 16; convert it to I* 

(2) Evaluate 4. Then obtain za and convert it to mB. 

~=Inz,+~Inz,=(l+~)(g-1) 

+(l+P)r’(g-l)s+ln $j 
1 1 

+/3ln B 
[ 1 1+8 (26) 

z, = m,/mO = stoichiometric number fraction of reactant i 

(i-AorB) (26a) 

zi = gx, (26b) 

m, = r,m” = equilibrium molar concentration of reactant i 

(i=AorB) (26~) 

4. Limited number of sites with all equilibrium 
constants equal 

r 
x=km,=- 

n-r 

and 

(294 

n= 
r(x + 1) 

x (29b) 

Consequently, A4,‘q (see eqs. 20 and 21) is given 

by 

M’q= mg[l + (f//3) -r] = 

rn:M, + rn~M, 

m,+mO, 

= MA mA + nm,x(l +.x)‘-‘1 I [ 

+MBmB(l+x)“){m,+m,(l+x)“}-l 

(30) 

since 

rni = mA + nm,x(l + x)‘-l (304 

and 

rng = mB(l + x)” (30b) 

The binding polynomial A and the osmotic coeffi- 
cient g are given by 

h = m”,/m, = (1-t x)” 

and 

M,” mq 
g=M?=,D 

mA + m,(l +x)” = 
mA + nm,x(l + ~)~-l+ m,(l +x)” 

= (I+ x) + ( mA/mo)nx 
x(n + 1) + 1 

(31) 

(32) 
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Now note that mA and mB are available (see table 
l), so that 

In h = n ln(1 + x) = n ln[ rz/( n - r)] 

Because r and h are known, one can solve for n 
(n = 1, 2, . . . ) by successive approximations. Once 
n is known then x can be obtained from g (eq. 
32), X (eq. 31), r (eq. 29) or Miq (eq. 30). A plot 
of x vs. rnA will have an intercept of zero and a 
slope of k. Alternatively, once mA is known, one 
can make a plot based on the reciprocal of eq. 29; 
by plotting l/r vs. l/m,, the slope is l/nk and 
the intercept l/n [32]. 

5. Nonideal case 

The treatment presented here can be applied to 
the two previously presented cases, all well as the 
special cases that follow. For the nonideal case 
m* = c/M,,, (see eq. 12). The equations for @ 
and II/ can be extended to the nonideal case [28]; 
thus 

@*=lnx,*+Plnx,* 

(33) 

and 

~*=lnz,*+~lnz,*=(1+/3)(g*-1) 

+(i+p)c’(g*-l)$+h[&] 

P +pln - 
1 I I+P 

Here, 

g* = M,O/M,*, = m*/m’ 

x2 = xA exp{ B,,M,M,mi) 

XB * = xB exp{ B,,M,M,m~} 

and 

z,*=g*x:, i=AorB 

(35) 

(36) 

(37) 

(38) 

Steiner [28] showed that if one performed several 
series of experiments, at constant p for each series, 
then at constant m* 

In xg* = (@D*/8a),. (39) 

Once xg* is known, then one obtains xz from eq. 
33. For the nonideal case, eq. 16 is replaced by eq. 
12 and 

m* _m;= mA + B,,M,M,m~m~ 

which leads to 

(401 

(m*-rni)/mi 

= (m,/mi) + B*,M*MElmO, 

= xig* (m*/mi) + B,,M,M,mi 

From eq. 36 one obtains 

In xA* = In xA + B,,M,M,mO, 

Combining eqs. 41 and 42 results in 

In xA =xA*g*(m*/mi) + In xA* 

(41) 

(42) 

- [Cm* - m”B)/mil (43) 

which contains only one unknown, In x,.+. Once 
lnx, is known, one also knows B,,M,M,mi (see 
eq. 42) as well as B,,M,M,m~m~. Then, from 
eq. 12 meq = m* - BAB M,M,mimi. At this point 
one can do the rest of the analysis as if the system 
were ideal. The main difficulty with this procedure 
is that one needs to carry out several series of 
experiments, with each series having a different 
value of /?, so that one can make the plots re- 
quired by eq. 38. The procedure is general, and it 
can be applied to all the examples described in 
this paper. 

6. Analogy between mixed associations and self-as- 
sociations 

In the general model, it was pointed out that A 
was a polynomial, and that the equilibrium con- 
stants could be obtained from the coefficients of 
the polynomial. Tobolsky and Thach [33] re- 
analyzed some self-association data of White and 
Kilpatrick [34], who had used cryoscopy in their 
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studies of the self-association of 2-n-butylbenzi- 
midazole and benzotriazole in benzene. White and 
Kilpatrick [34] found that their data required eight 
equilibrium constants. Tobolsky and Thach (331 
found that the data could be fitted to about the 
same degree of precision with a two-equilibrium 
constant, indefinite self-association (a type III SEK 
model). Similar considerations should apply to the 
mixed associations described here. If one makes 
some simple assumptions then one can develop 
analogs of some of the SEK (sequential, equal 
equilibrium constant) or the AK (attenuated equi- 
librium constant) models [29,30]. Here the ideal 
case is illustrated. The quasi-ideal case, after the 
data are corrected for the BAA and B,, terms, can 
be treated as if it were ideal. For the nonideal 
case, one will also have to correct for the BAB 
term, as described earlier; then one can proceed 
with the analysis as if the system were ideal. 

7. Analogs of the SEK association 

7.1. Noncooperative model 

If it is assumed in eqs. 13-16 that k,_, = kA,*a 
= . . . = k, then at constant p 

n- 0 
MA- cA/MA = mA + km,m, + 2k2mim, 

+ 3k’m:m, + . . . 

= m,( 1 + [ km,/(l - km,)2] ) 

=m,[l+[km,/(l -x)*]), ifkm,<l 

(44) 

Here 

x=km, (45) 

The quantity rni = ci/M, is given by 

rni = mg + km,m, + k2m:m, + k3mim, -t .,. 

=m,(l +x+x2+x3+ __.) 

=m,/(l-x)=Xm,, ifx<l (46) 

Here 

h = mz/m, = l/(1 -x) (47) 

mcq = c/M,“~ = mA + rni (16) 

r-x/@-x) (48) 

and 

g=l+x[(m,/m’)-l] (49) 

One obtains mA from eq. 16; then one can obtain 
x from eq. 48 or 49 for r or g, and k is obtained 
from the slope of a plot of x vs. mA (see eq. 45). 
Once mA and x are known m, can be obtained 
from eq. 46; alternatively, one can obtain mB 
from eq. 24 or 25. 

7.2. Cooperative model 

For the cooperative model it is assumed that 
(see eqs. 13-16) k,,, f k,,,,, etc., but that k,_,, 
= 

kA.A.B = --, = k. Then, at constant fi and if 
x = km, < 1, the following relations apply: 

o- 
mA-mA (I+ [ kA.d%/(l - km,)*]) 

=mA(l+ [.y/(l -x)‘]) 

4 = mB{ 1+ [kA,BmB/(l - km,)] } 

=m,{l+ [y/(1 -.x)1} =hm, 

Here 

(50) 

(51) 

y=k A,EFB (52) 

x=km,(O<x<l) (53) 

A=mO,/m,=l+y/(l-x) (54) 

me4=mA+mi (16) 

The quantity mA is available from eq. 16; it can 
be converted to xA or zA (see table 1) to obtain xa 

Or zBl which can then be converted to mB. Now 
note that 

R,= (m:/mB)-l = A-l 

(mi/m,)-1 (mi/mA)-1 =1-x 

(55) 
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A plot of R, vs. mA will have a slope of -k and 
an intercept of 1. Then note that 

R, = R,(X - 1) =y = k,,,m, (56) 

A plot of R, vs. mg will have a slope of k,,,. The 
quantity r is given by 

r= 
k,,,m, + 2k,_,kmi + 3k,_,k2mi + . . . 

1+ k, BmA + k,,,km, + k, Bkzm: + . . . 

= k,,m, 

l 

1 

(I -km,)’ 1+ [kA.,mA/(l -km,)] i 

= 
(1 - km,)(:n.akz: + k,,,m,) 

= (1 -x)(ly-x+y) 
(57) 

and g is given by 

= mB(l -x> +mA(mA+m~) 
m,+m,(l -x) 

This can be rearranged to give 

(58) 

(59) 

which gives a very simple way to evaluate x. 8.2. Cooperative variant 

8. Analogs of the AK indefinite self-association 

Here it is assumed (see eq. 13) that k,., # k/2, 
but that kGA,AB = k/3, kA,A2B = k/4, etc. This leads 
to 

8.1. Noncooperatiue variant 

Here it will be assumed that the molar equi- 
librium constants (see eq. 13) may be written as 
k = k/2; k, AB = k/3; k, AIB = k/4, etc. From 
t$Ie relations,‘it follows thai 

rni = mA + (k/2) mAmB + (2k2/2. 3)mim, 

+ (3k3/2.3.4)-mam,+ .,. 

= mA + m,{ ( eX(x - 1) + 1)/x} = &/MA 

(60) 

x=km, (O~XicO) (61) 

mi= mA + kA*B mAmE + [2kA.&/31&% 

+[3kA.,k2/3.4] +mam,+ . . . 

= mA + k,,,m,mB[l + (2k/3)mA 

+ (3k2/3 - 4)mi + (4k3/3 .4.5)rni + . . .] 

=m,+2mBy[(eX(x-1)+1)/x2] (67) 

mi=m,+ 2m,y[(1/2) +(x/3!) + (x2/4!) 

+(x3/5!) + .__I 

=m,[l + 2y((e” - x - 1)/X2 }] = Xm, 

(68) 

Similarly, one notes that 

rni = ci/M, = (m ,/x)( eX - 1) = Am, (62) 

and 

rnq = c/M,‘4 

= mA + m,[l + (x/2!) + (x2/3!) + __.I 

=m,+mO, (63) 

The quantities r and g are given by . 

(x/2!) + (2x2/3!) + (3x3/4!) + . . . 

r=1+(x/2!)+(x*/3!)+(x3/4!)+... 

= ey(x - 1) + 1 

e”-1 

and 

meq (eX- 
g=-= l)(l - [mA/mol) 

m” xe"(1 - mA) (65) 

The quantity mA is available from eq. 16 and mg 
can be obtained from the relations in table 1. One 
can obtain x by successive approximations from 
g, r or h. Here (see eq. 62) 

A = mi/mB = (e* - 1)/x (66) 

The values of x can be plotted against mA to 
obtain k from the slope. 
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Here 

x=km, (O<xioo) (69) 

Y = kom, (70) 

h=l+Zy((e^-x-1)/x*} (71) 

meq=m,+mi 06) 

The quantities r and g are given by 

r= k [ A,BmA(l + (2k/3)m. + (3k2/3. 4)mi 

+ ..-}][I +k,,,m,{l+ (Wlm, 

+(k2/3.4)m;+ . ..}I-’ 

= 2k,,,m,[e”(x- 1) +11 
x2+2k A,BmA[eX -x - 11 

= 2y[eylx - 1) + 11 
xZ+2y[eX-x-l] 

and 

g= s={(ex-x+1) 

(72) 

+[(m,+m,)/mO](xe”-eX+l)} 

X{x(eX- l)}_’ (73) 

One obtains mA from eq. 16; then ma can be 
obtained from @ or J, (see table 1). Now note that 
eqs. 67 and 68 can be used to obtain 

0 
mA-mA= eI(x-l)+l 

0 
mB-mB ex- X-l 

(74) 

Here x can be obtained by successive approxima- 
tions; alternatively, eq. 73 for g could be used. 
Once x is known, y can be obtained from eq. 67 
or 71. A plot of n vs. mA has k as a slope and 0 
as an intercept. Similarly, a plot of y vs. mA has 
k A,B as a slope and 0 as an intercept. 

9. Discussion 

It is evident from the preceding treatment that 
the special binding type mixed associations can be 
expressed as infinite series that can be summed. 
The assumptions used in this treatment are the 

same as those used in analyzing indefinite self-as- 
sociations [29,30]. Although the general procedure 
initiated by Steiner [21,26-281 has been modified 
somewhat, it may be that one obtains, within 
experimental error, the same or better precision by 
using indefinite models. These have the advantage 
that only one or two equilibrium constants plus 
the nonideal term are needed to describe indefi- 
nite mixed associations. 

The integrals required by Steiner’s equations 
for 3 and 9 (see table 1) must be performed 
numerically. It is quite likely that at low con- 
centrations there may be quite a bit of scatter in 
the plot of (g - 1)/m vs. m. However, it should 
be noted that the integrals in eqs. 24 and 25 are 
identical to those used in the evaluation of activity 
coefficients from osmotic coefficients [35]. For 
nonelectrolytes the natural logarithm of the activ- 
ity coefficient of the solute (In yZ) is given by 

Iny,=(g-l)+Jme dm 
0 

Some books use C#I instead of g for the osmotic 
coefficient. Noggle [35] mentions the problem of 
scatter in the data, and he suggests that this 
problem may be overcome by fitting (g - 1)/m to 
a polynomial in m. A similar procedure exists for 
evaluating mean ionic activity coefficients in elec- 
trolyte solutions (for more details see pp. 366-371 
of ref. 35). The procedure described above might 
be applied to the Steiner equations for Q and # 
(see table 1); it might also prove useful in the 
evaluation of In X from eq. 23. 

One fault with the SEK (sequential, equal equi- 
librium constant) indefinite self-associations was 
that some felt it overcompensated for the propor- 
tion of larger aggregates_ This overcompensation 
for self-associations was overcome by the develop- 
ment of the AK (attenuated equilibrium constant) 
model [30,36]. Here only AH” is constant, and 
both AGO and AS0 vary with the size of the 
aggregate. Although the range of x = km, in the 
AK model is such that 0 < x < co, the attenuation 
factor k/n makes it unlikely that large aggregates 
will predominate. For instance with the species 
A,,B, the equilibrium constants are attenuated so 

that mA,oB = (k’O/lO!)m~mB, and IO! = 3 628 000. 
The factorial becomes larger and larger as the 
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aggregate size increases; the effect of this would 
be to limit the size of the aggregate. This limit 
would depend on k and n; beyond a certain size, 
the concentration of the larger aggregates becomes 
vanishingly small. 

Steiner [21] pointed out the relation between 
the average binding number, r and the number 
average molecular weight, Mz. Here I have 
pointed out the relationship between r, g, and X 
for the general case, the special case and the four 
special cases that might be described by infinite 
series. Interestingly, for the ideal case one always 
obtains mA from meq - rni for all the examples 
given here (had the associations described by eq. 1 
been written as A + B % AB, B + AB % AB,, . . . , 
B + A,_,B % AB,, then one would obtain mB 
from mcq - mi). Because of the Steiner relations 
for @ and 4 (see table l), once mA (or mu) is 
known, then one can calculate ma (or mA) and X. 

For the quasi-ideal case, one need only correct 
for the nonideal terms BAA(cz)2/2 and B,, 
(ci)‘/2 only. Once this has been done, then m * 
becomes meq and the analysis can be done as if 
the associations were ideal. For the more com- 
plicated nonideal case where a term B,,c~c~ needs 
to be included, the analysis at present is more 
complicated. Nonetheless, a method for obtaining 
this term has been presented. 

One consequence of the Steiner equations for Cp 
and I,!J is the ease with which X is available once 
mA and ma are known. It is also possible to 
evaluate In h from eq. 23, and the values of h 
obtained by the two methods can be compared. 
Since the osmotic coefficient g is available from 
the experimental data, the utility of the equations 
for 0 and \I/ (see table 1) is obvious. An interest- 
ing feature of this work is the utility of the osmotic 
coefficient g in the analysis. For the four special 
indefinite cases, once mA and m, are known, then 
g has only one unknown, x = km,. For the two 
noncooperative variants one does not need to know 
mB in order to relate g to x. Note that y = kABm, 

drops out in the expression for g in the two 
cooperative variants. Even for the case of limited 
sites with all equilibrium constants equal, g does 
not depend explicitly on mB. In this work, I have 
tied together a number of developments which 

may help in the analysis of these mixed associa- 
tions. 
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